Camera model & iImage
formation
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Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

image plane X = [X, y]T

N

See: An Invitation to 3-D Vision, Ma, Soatto, Kosecka, Sastry,
Forsyth and Ponce, Computer Vision a Modern Approach
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Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

image plane X=[X, y]T
(X = AX (X = AX
y=AY = y=AY
z =1L z=-f=>A=-1/Z

N
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N

Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

image plane X = [X, Y]T

(X =AX
y =AY :>x:—f£,y:—fi

Z Z
7 =—f=2A=-1/Z

.

ideal pinhole camera model
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Often we flip the image (-x,-y) =2 (X,y), which is equivalent to placing the
Image plane in front of the optical center:

X Y
X=f—, y=1—
Z d Z

Note: any point on the line through o and p projects onto the same
coordinates (x,y)
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« Consider a generic point p with coordinates X,=[X, YqZ]
relative to the world reference frame

« The coordinates X=[X Y Z] of p relative to the camera
frame are given by the rigid body transformation:

X=R-X,+T

Xo
Yo
Z0

1

homogeneous representation
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Representing rotations

* Representing rotations and translations
between coordinate frames of reference

A

Ay —_ D18 /

V—[.] ! XB;@
X QE/;A

V=A% | Ve | 215 = "R, ®V B> A

“Xg = "Ry °X = "Ry [1,0,0]"

RA 2005
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Rotation matrix

Ra("Ra) =1 ("Ra) =("R,)™ = °R,

Orthogonal matrix

cos$ -sing 0
Example: rotation along the Z axis | S|N 9 COS 4 0
0 0 1
(cos 9| Zp = g
‘< “Xg =| sin g Xg
X A
Av *Xg I 0 | XA Q;

RA 2008
SINA - 07/08



Rigid body transformations

| p(t)—a()| = | p(0) - q(0)| = constant
* (G1ven that the object 1s:

OcR’

* The motion of the body i1s represented by a
family of mappings:

g(t):0 > R’
* A rigid displacement of the body 1is:
g:0 >R’

RA 2008
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Action on points and vectors
g.(v)=9(a)-9(p)

Where:

V=0-p

Note the difference between points and vectors (although both are represented as
3-tuples of numbers). A vector has magnitude and direction and doesn’t belong to
a body (free vector).

RA 2008
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Then...

g:R° > R°

IS a rigid body transformation if:

la(p)—g(q)| =||p—q| for all points p,q e R’

Length is preserved
0.(Vxw) = g.(v) x g.(w) for all vectors v,w € R*

l The cross product is preserved

The inner product is also preserved, thus:

T . T
VW= g*(V) g*(W) |.e. orthogonal vectors remain orthogonal

RA 2008
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Some more reqguirements

 Right handed coordinate systems:

‘ Z=XxY
o

X
« If a coordinate system 1s attached to a rigid body
undergoing rigid motion:

V,,V,,V, attached in p then by effect of g
d.(v,), 9(v,), 9.(v,) are attached in g(p)

RA 2008
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Rotation matrix (planar case)

Example: rotation along the Z axis

 COS 9
‘< X, =| SING
Xa X 0

ab

' C0S 9
sin 9

0
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—sing 0]
cos$ O
0 1

RA 2008



The group of rotations SO(3)

 The set of 3x3 matrices with these
properties Is denoted:

SO(3) which means Special Orthogonal of size 3

* That 1s:
SO(3) ={R e R**:RR" = I,detR = +1}

/ N
Orthogonal Special

RA 2008
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1.

2.

3.

4.

SO(3) Is a group under matrix
multiplication
Closure
R,R, € SO(3)= RR, € SO(3)
ldentity

| is the identity element IR=R VR

Inverse
RR" =R'R=1,R' ¢ SO(3)

Associativity
(RiR;)R; =R (R;R;)
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More simple rotations

Example: rotation along the Y axis

1 0
0O cosd
0 sing

0
—sin g

COS 9 |

- cosd 0 sing |
0 1 0
_—sin9 0 cos&_
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Example: rotation along the X axis

RA 2008



Representing 3D rotations

e Seguences of elementary rotations
— Eulerangles: z,y,zor z, x, z
— Roll, pitch, yaw angles: z, y, x
— Vector (axis of rotation) and angle

RA 2008
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Roto-translation
 Rotation combined with translation

v ="R; "v+ "0,

RA 2008
SINA - 07/08



Homogeneous representation
e To make things uniform

v ="R; "v+ "0,

RA 2008
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ARB § B
0 1
ATB_l — BTA

Clearly

V="T.]T.°%v C—>A

-1

"Re —"Rg "0,

0 1

e Composition of transforms
e |nverse of a rototranslation
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‘x1 [f 0 0][X]
X flX X X
x=| |==|,|=Z| |=f|, |=Z|y|=|0 f Y
y Z|Y y Y
1] [0 0 1)|Z
o —_X__ o __X_
x] [f o0 0] [f 0o0][1oo0 0]
1) [0 o 1o | [0 0 1f[oo0 1 0]

. consider a point in
\ ‘x| [f O 0][1 0 0 O] X, /theworld
A o f olfo 10 o T[T reference frame
18 | 1o 1]z,
1] [0 0 1]|0 0 1 O ;
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X f 0 O] |X
X flX X X
X = =— =7 = f =Z|y|=|0 f Y
y| Z|Y y Y
1] |0 0 1][Z
_[XT] . . X
X fOOOY fOOlOOOY
Zy=OfOO-Z:O1‘O-0100-Z
1) [0 0o 1 of | [0 0 1fjo 0 1 0]

replace Z with an arbitrary positive scalar

. consider a point in
\ ‘x| [f O 0][1 0 0 O] X, /theworld
A o f olfo 10 o T[T reference frame
18 | 1o 1]z,
1] [0 0 1]|0 0 1 O ;

A-X = Kf M OgXO geometric model for an ideal camera
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Intrinsic parameters

S

r! /—\ED ,-f“"f'f’
(0,0) ' T
T e ‘ Z _H_,.r"'r
0 '*:"H
) — HH-,I T
Yy , s 1 normalized coordinates
(POl Sy
UsY
L
) Sz pixel L‘.UL‘II‘L|'II1;Il:.H
Yol [0 SyJLY - G-
, X s, 0 o,|]|X
’ —
Y =Ys+0, 1| o o 1|1
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» |f pixels are not rectangular, a more general form of matrix is
considered:

S, S
S

S
o
>

X/:yl:0 yoy.y 7\9
1] o o 1]|1

where s, is the skew factor
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» |f pixels are not rectangular, a more general form of matrix is
considered:

S, S
S

S
o
>

Oyoy'y
1 _001 1

where s, is the skew factor

A more realistic model of a transformation between homogeneous
coordinates of a 3D point relative to the world reference frame and
Its image in terms of pixels:

XO
| s, s, o ||f O Of|1 O O O
R T|]Y,
Ay =0 s, o |0 f 0|0 1 0 O} :
0 1|2,
1 0 O 0 0 1|0 0 1 O )
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» |f pixels are not rectangular, a more general form of matrix is
considered:

s, S, O X
0 s, oY
1710 0 1)1

where s,is the skew factor

A more realistic model of a transformation between homogeneous
coordinates of a 3D point relative to the world reference frame and
its image in terms of pixels:

' _XO_
X s, s, o ||f O Of|1 0 O O
R T[|Y,
A1y |=l0 s o, (/O f 00 1 0 O}
oo 0 1||Z4,
1 o 0 1{(0 0 1|0 0 1 O )
— ~— _/ L _
fs, fs, o,
K=K;-Ky=| 0 fs, o,
o 0 1
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* Tosummarize: extrinsic parameters

Y
A-x=KM,gX, = MX,
/

/

K = KSK ¢ Intrinsic parameters

 Intrinsic and extrinsic parameters can be estimated with a
general technique called “camera calibration” (see for
example: R.Y. Tsai 1986)
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Geometric Camera Calibration (introduction)

 We assume that the camera observes a set of features
such as points or lines with known positions in a fixed
world coordinate system

« Derive the intrinsic and extrinsic parameters of the
camera

« Allow associating with any image point a well-defined ray
passing through the point and the camera’s optical center

A\ W=

MM

Iy . c
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Linear Approach

Zp = MP
T m’,mI,m! rows of M
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Linear Approach

p=MP=7Z=m,-P
T m’,mI,m! rows of M

\ J
|

parameters of the camera

P
P ’ contain extrinsic and Intrinsic
P
P
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Linear Approach

p=MP=7Z=m,-P
T m’,mI,m! rows of M

\ J
|

parameters of the camera

P
P ’ contain extrinsic and Intrinsic
P
P
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Linear Approach

k,
( W) - ' W
o »‘_'_':':.---" P =
17
//
L
-~ ol L
T 16
-1 ==

Consider a set of n points
with known position P;, and
— projection x,y;

')
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Linear Approach

ky, . ]
g Consider a set of n points
s sSuEER % () I with known position P;, and
T =~ projection x,y;
e =00,
)
P
X — m,-H
| ms'j" (ml_x'ms) P, =0
| : ) | |
D _
_m,-P|(m,—xm,)-P, =0
Yi =
m .

For each point / we get two equations
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Linear Approach

Collecting n point yields to a system of 2n homogeneus linear equations:

Wm=20
P 0 —xP |
0 P’ —yPl 'm, |
W= ... .. .. | and m=|m,
PP 0 -xP/ m,
0 P -y.P

When n is large (>6) least-squares can be used to determine
m (and the projection matrix M)

Finally from M we extract intrinsic and extrinsic parameters of
the camera
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Radial distortion

X =X, (1+ ar’ +a2r4)

Y=Y, (1+ a,r +a2r4)

Camera calibration becomes a non linear problem...
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