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[?]A Bv v=

Ax Ay

Az

Bx
By

Bz

[ | | ]     A A A A B A B
B B B Bv x y z v R v B A= = ®

[1,0,0]A A B A T
B B B Bx R x R= =
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1( ) ( ) ( )A A T A T A B
B B B B AR R I R R R-= Û = =

Orthogonal matrix

cos sin 0

sin cos 0

0 0 1

J J
J J
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Example: rotation along the Z axis

Ax Ay
A Bz z=

Bx
ByAx

Bx

cos

sin

0

A
Bx

J
J
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* ( ) ( ) ( )g v g q g p= -

v q p= -

Note the difference between points and vectors (although both are represented as
3-tuples of numbers). A vector has magnitude and direction and doesn’t belong to
a body (free vector).
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3 3:g ®� �

3( ) ( )  for all points ,g p g q p q p q- = - Î �
Length is preserved

3
* * *( ) ( ) ( ) for all vectors ,g v w g v g w v w´ = ´ Î �

The cross product is preserved

The inner product is also preserved, thus:

* *( ) ( )T Tv w g v g w= I.e. orthogonal vectors remain orthogonal
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z x y= ´

x
y

z
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1 2 3, ,  attached in  then by effect of v v v p g

* 1 * 2 * 3( ), ( ), ( ) are attached in g( )g v g v g v p
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ax ay

az

abx

aby

abz[ | | ]ab ab ab abR x y z=

abx Coordinates of the B’s principal axis x relative to A
A is the inertial frame, B is the body frame

3 3 3, , ,ab ab ab abR x y z´Î Î� �
Then:

0 and so forth...

det 1 for right-handed coordinate systems

ab ab

T T

x y

RR R R I

R

=

= =

=
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cos sin 0

sin cos 0

0 0 1

J J
J J
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Example: rotation along the Z axis

ax ay

a abz z=

abx

abyax
abx

cos

sin

0
abx

J
J
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(3) which means Special Orthogonal of size 3SO

3 3(3) { : ,det 1}TSO R RR I R´= Î = = +�
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Orthogonal Special
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1 2 1 2, (3) (3)R R SO R R SOÎ � Î

 is the identity element  I IR R R= "

, (3)T T TRR R R I R SO= = Î

1 2 3 1 2 3( ) ( )R R R R R R=
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cos 0 sin

0 1 0

sin 0 cos

J J

J J
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Example: rotation along the Y axis

1 0 0

0 cos sin

0 sin cos

J J
J J
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Example: rotation along the X axis
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A A B A
B Bv R v o= +

Ax Ay

Az

Bx
By

Bz A
Bo
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A A B A
B Bv R v o= +

1 0 1 1

A A A B
B Bv R o v� � � � � �
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    dim( ) 4A A B
Bv T v v= =
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    A A B C
B Cv T T v C A= ®

1

1

0 1 0 1

A A A T A T A
B B B B B

A B
B A

R o R R o

T T

-

-
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0< >
1< >

2< >

3< >

e< >

0 1
1 1( ) ( )n

n nT q T q-�
0

1 2 3 4( , , ) ( , , , ) (0,0,0)Tex y z T q q q q= ×

( )= Lx q
( )= Lorientation q�
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1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

( , , , )

( , , , )

( , , , )

for  , , ,

x

y

z

x NL q q q q

y NL q q q q

z NL q q q q

q q q q

=

=
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1 1

1

1

( )
m

n n

m

dx dx
dq dq

d d
dt dt

dx dx
dq dq
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= L � = ×� �
� �
� �
� �� �

x q
x q
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J
dt dt
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x q
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( , , , , , )x y zJ j y=x
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( , , , , , )x y z rv v v JJ j y= �v � � �

( , , , )x y z vv v v J= �v �
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1 2[ | ]    for  jointsv nJ J J J n= �

,
o o

i E i
i o

i

z p
J

z

� �´
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0< >
1< >

2< >

3< > e< >

,
o o o

E i E ip p p= -

o
ip

o
Ep
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0 0 0 0
0

0 0 0 1
i i i i

i

x y z p
T
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1J - 1
s

Joint
controllers

Sensors

-

*s

s

q� q

&�����&�����
� ��������	���
 ��!���
�����	
���
���'��	

RA 2008

T T

T T T
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d Jd

d d

d d J
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q � q F

� F

� ����
�
���
���
�
�������+�����
�������
�
�

"������
����"������
����

� <	�
���	
�'������
��
��	���
�
�����
����������

� �����
7
�������
���
���'��	
��
�����
���
�����	

RA 2008

TJ=� F

2������	2������	

� $!�
������	
��
������
���
�'������
��

������
(������������
�'������	)
� 8�!���53����
� =�������
�������	�

RA 2008

8�!���8�!���553����3����

� &����
����


RA 2008

( )

( )

d
m

dt
d

I
dt

	 =


�

 =

�

F v

� �

( )

( ) ( )

kinematics

d
m

dt
d

I I I
dt

	 =



� = = ´ +



�

F v
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Write down every equation (6):
find the angular velocity and
I with respect to a base frame
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L K P

x d L L
F

q dt q q
m

m
m

= -	
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 �¶ ¶�
= -� �
 ¶ ¶ ¶� ��
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1( , )Nx x q q tm m= �

External forces
(no potential)

1 1
2 2

T TK m I= +v v � �
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( ) ( , ) ( )M h g= + +� q q q q q q�� � �

Inertia (generalized)

External forces
(control) Coriolis, centrifugal effects

Gravity
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*[ ] 0A B k+ + - =q q q q�� �
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( ) ( , ) ( )M h g= + +� q q q q q q�� � �

( ) ( , ) ( )control M h g= + +� q u q q q q� �

( ) ( , ) ( ) ( ) ( , ) ( )M h g M h g+ + = + +q q q q q q q u q q q q�� � � � �

( ) ( )M M=q q q u��

* * *( ) ( )d pk k= + - + -u q q q q q�� � �
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* * *( ) ( )d pk k= + - + -u q q q q q�� � �

* * *( ) ( )d pk k= + - + -q q q q q q�� �� � �

=q u��

*= -e q q

0 d pk k= + +e e e�� �

t

e


